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INFINITE DIMENSIONAL MOMENT PROBLEM:
OPEN QUESTIONS AND APPLICATIONS.
MARIA INFUSINO AND SALMA KUHLMANN
This paper is dedicated to Murray Marshall, who posed many of the questions here addressed
and was still working on them in the very last days of his life. We lost a wonderful collaborator
and a dear friend. We sorely miss him.
Abstract. Infinite dimensional moment problems have a long history in di-
verse applied areas dealing with the analysis of complex systems but progress
is hindered by the lack of a general understanding of the mathematical struc-
ture behind them. Therefore, such problems have recently got great attention
in real algebraic geometry also because of their deep connection to the finite
dimensional case. In particular, our most recent collaboration with Murray
Marshall and Mehdi Ghasemi about the infinite dimensional moment problem
on symmetric algebras of locally convex spaces revealed intriguing questions
and relations between real algebraic geometry, functional and harmonic anal-
ysis. Motivated by this promising interaction, the principal goal of this paper
is to identify the main current challenges in the theory of the infinite dimen-
sional moment problem and to highlight their impact in applied areas. The
last advances achieved in this emerging field and briefly reviewed throughout
this paper led us to several open questions which we outline here.
Introduction
The classical full n−dimensionalK−moment problem asks whether a linear func-
tional L : R[x1, . . . , xn]→ R can be represented as integral w.r.t. some non-negative
Radon measure supported on a fixed closed subsed K of Rn (here n ∈ N). When
the starting functional is defined only for polynomials up to a certain degree, the
moment problems is referred to as truncated. Already at an early stage the mo-
ment problem was generalized to the case of infinitely many variables, allowing the
support of the measure to be possibly an infinite dimensional space (see e.g. [2], [3],
[8], [21], [34], [40], [44]). Moment problems posed in infinite dimensional settings
are often addressed as infinite dimensional moment problems.
Infinite dimensional moment problems naturally arise in diverse applied areas
dealing with the analysis of complex systems, i.e. many-body systems such as liq-
uid composed of molecules, a molecule composed of atoms, a galaxy composed of
stars. Since such a system consists of a huge number of identical components, the
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essence of its investigation is to evaluate selected characteristics (usually correla-
tion functions), which encode the most relevant properties of the system. It is
therefore fundamental to understand whether a finite number of given candidate
correlation functions actually represent the correlation functions of some random
distribution. This problem is well-known as realizability problem and has a long
history in statistical physics and in theoretical chemistry. The mathematical for-
mulation of the realizability problem was given in [39] in order to better understand
the closure problem in the theory of classical fluids and since then there has been
an extensive production on realizability problems in statistical mechanics. Recent
approaches are based on the interpretation of these problems as infinite dimensional
truncated moment problems (see e.g. [23], [25], [28], [29]). This new point of view
was exploited not only in the analysis of interacting particle systems but also in the
study of the realizability problem for random closed sets (e.g. [30]) and in material
sciences in relation to random packing and heterogeneous materials modeling (see
e.g. [11], [46], [47]). The quantum mechanical variant of the realizability problem,
known as representability problem for reduced density matrices, revealed to be a
really useful approach to the computation of the ground state energies of molecules
(e.g. [10], [13], [27]) actually yielding rigorous lower bounds. Recently, advances
in computing power and in algorithms for positive semi-definite programming have
led to an accuracy superior to that of the traditional electronic structure method,
increasing the interest in the representability problem. Indeed, the quality of the
approximation of the ground state energy depends on the availability of explicit
representability criteria.
The fundamental mathematical challenge which is behind each of these applica-
tions is therefore to derive treatable necessary and sufficient solvability conditions
for the moment problem posed in a setting general enough to include the specific
one of the considered application. This kind of structural investigation has been
recently started and brought to new theoretical developments on the infinite dimen-
sional full moment problem, which are essentially based on the interplay between
the finite and the infinite dimensional case (see e.g. [1], [14], [18], [19], [25], [28],
[29]). In particular, the results in [14] revealed intriguing relations between real
algebraic geometry, functional and harmonic analysis, leading us to several open
questions which we are going to present in this paper.
In Section 1 we introduce the general set up of the moment problem for lin-
ear functionals on any unital commutative R−algebra and briefly present some of
the key-results obtained for this abstract formulation of the moment problem. In
Section 2 we consider this problem for unital commutative R−algebras which are
endowed with a locally multiplicatively convex topology. In particular, we review
the results in [19] for this class of moment problems and show some consequences
of these results which brought us to interesting open questions. In Section 3 we
focus on the special case of linear functionals on the symmetric algebra of a real
locally convex space, since this setting is general enough to include the classical
finite dimensional moment problem and several of the infinite dimensional moment
problems appearing in the applications mentioned above. More precisely, we will
review the results of [14] and compare them with some previous results [2, Vol. II,
Chapter 5, Section 2], [3], [8, Section 4], [22, Section 3], [25] about the moment
problem on the symmetric algebra of a real locally convex (lc) space which is also
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nuclear. This comparison will actually be the source of several questions which to
the best of our knowledge are still unsolved.
1. Preliminaries
Given a unital commutative R−algebra A, we denote by X(A) the character
space of A, i.e. the set Hom(A;R) of all R−algebra homomorphisms α : A → R.
For any a ∈ A, we define the Gelfand transform aˆ : X(A) → R as aˆ(α) := α(a),
∀α ∈ X(A). We endow the character space X(A) with the weakest topology τX(A)
s.t. all Gelfand transforms are continuous, i.e. aˆ is continuous for all a ∈ A. Note
that X(A) can be also seen as a subset of RA via the embedding π : X(A) → RA
defined by π(α) := (α(a))a∈A = (aˆ(α))a∈A, and so it carries the natural topology
induced by π when RA is endowed with the product topology. It can be showed
that this topology on X(A) coincides with τX(A) (see [35, Section 5.7]).
Problem 1.1 (The KMP for unital commutative R−algebras).
Given a closed subset K ⊆ X(A) and a linear functional L : A → R, does there
exist a non-negative Radon measure µ on X(A) such that
L(a) =
∫
X(A)
aˆ(α)µ(dα), ∀a ∈ A and supp(µ) ⊆ K?
If the answer is positive then we say that µ is a K−representing measure for L
and that L is represented by µ on K. Recall that a Radon measure on a Hausdorff
topological space X is a non-negative measure on the σ−algebra of Borel sets of X
that is locally finite and inner regular.
Note that for A = R[x] = R[x1, . . . , xd] Problem 1.1 reduces to the classical
d−dimensional K−moment problem. Indeed, using that the identity is the unique
R−algebra homomorphism from R to R, it can be proved that any R-algebra homo-
morphism from R[x] to R corresponds to a point evaluation p 7→ p(α) with α ∈ Rd
and so X(R[x]) is topologically isomorphic to Rd (see e.g. [35, Proposition 5.4.5]).
As for the finite dimensional KMP, a necessary and sufficient condition for the
existence of a solution is provided by a generalized version of the so-called Riesz-
Haviland theorem.
Theorem 1.2 (Generalized Riesz-Haviland Theorem). Let K ⊆ X(A) be closed
and L : A → R linear. Suppose that there exists p ∈ A s.t. pˆ ≥ 0 on K and for
each i ∈ N the set {α ∈ K : pˆ(α) ≤ i} is compact. Then:
L has a K−representing measure if and only if L(Pos(K)) ⊆ [0,+∞), where
(1.1) Pos(K) := {a ∈ A : aˆ ≥ 0 on K}.
The characterization given in Theorem 1.2 actually holds under slightly more
general assumptions (c.f. [35, Section 3.2]), but the ones stated here are general
enough for our purposes in this article.
Theorem 1.2 reduces Problem 1.1 to the problem of characterizing Pos(K). How-
ever, the latter is seldom finitely generated (see [42, Proposition 6.1]) and in general
there is no practical decision procedure to check whether an element of the algebra
belongs to Pos(K). A common approach in finite and infinite dimensions to attack
this problem is to try to approximate elements in Pos(K) with elements of A whose
Gelfand transform is “more evidently” non-negative, e.g. sum of even powers of
elements of A (see discussion about Question 2.7). In this spirit it is somehow
natural to consider 2d−power modules of the algebra A for d ∈ N.
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Definition 1.3. Let d ∈ N. A 2d-power module of A is a subset M of A satisfying
1 ∈M, M +M ⊆M and a2dM ⊆M for each a ∈ A.
In the case d = 1, 2d-power modules are referred to as quadratic modules. We
denote by
∑
A2d the set of all finite sums
∑
a2di , ai ∈ A.
∑
A2d is the smallest
2d-power module of A.
Definition 1.4. Let {pj}j∈J be an arbitrary subset of elements in A. The 2d-power
module of A generated by {pj}j∈J is defined as M =
∑
A2d +
∑
j∈J
(
pj
∑
A2d
)
.
Note that the index set J can have also infinite cardinality. In the classical finite
dimensional moment problem only finitely generated quadratic modules have been
considered. The results presented in this paper also hold for infinitely generated
2d−power modules both in the classical and in the general setting.
A linear functional L : A → R is said to be positive if L(
∑
A2d) ⊆ [0,∞) and
M−positive for some 2d−power module M of A, if L(M) ⊆ [0,∞). For any subset
M of A, we set
XM := {α ∈ X(A) : aˆ(α) ≥ 0, ∀a ∈M},
which is closed in
(
X(A), τX(A)
)
. If M =
∑
A2d then XM = X(A). If M is the 2d-
power module of A generated by {pj}j∈J thenXM={α∈X(A) : pˆj(α) ≥ 0, ∀j∈J}.
Given a 2d−power module M of A and a linear functional L : A→ R, it is clear
that if there exists a XM−representing measure µ for L, then L isM−positive since
M ⊆ Pos(XM ). This condition was proved to be also sufficient when the 2d−power
module is Archimedean, i.e. for each a ∈ A there exists an integer N such that
N ± a ∈ M , by mean of the Jacobi Positivstellensatz (see [26]). Note that this
result was already known for Archimedean quadratic modules in R[x] thanks to the
Putinar Positivstellensatz [41].
Theorem 1.5. Let M be an Archimedean 2d-power module of A and L : A→ R a
linear functional. L has a XM−representing measure iff L(M) ⊆ [0,+∞).
Proof. See [20, Corollary 2.6]. The conclusion can be also obtained as a consequence
of [16, Theorem 5.5]. 
In the case of non-Archimedean 2d−power moduleM , it revealed to be extremely
powerful to consider topologies on A such that
(1.2) Pos(XM ) ⊆M
τ
.
Indeed, if this condition holds then an application of the Hahn-Banach theorem to-
gether with Theorem 1.2 shows that: L has a XM−representing measure if and only
if L is τ−continuous and M−positive. For the case A = R[x], there are several
papers dealing with the moment problem for linear functionals continuous w.r.t.
certain weighted norm topologies (see e.g. [5], [17], [20], [32], [43]). This approach
has been extended to more general settings (see e.g. [6], [7], [43]) and recently also
to the one of Problem 1.1 in [16], [19], [20], where the authors analyze integral rep-
resentations of linear functionals continuous w.r.t. locally multiplicatively convex
(lmc) topologies.
2. The moment problem on lmc topological R-algebras
In this section we shortly present some closure results of the type (1.2) and their
corresponding solutions for Problem 1.1 which have been recently developed for
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locally multiplicatively convex R−algebras (see [16] and [19]). In particular we are
going to highlight some consequences of these results which led us to interesting
open questions.
Let (A, ·) be a unital commutative R−algebra and σ be a submultiplicative
seminorm on A, i.e. σ(a · b) ≤ σ(a)σ(b) for all a, b ∈ A. The algebra A together
with such a σ is called a submultiplicative seminormed R−algebra and is denoted
by (A, σ). We denote the set of all σ−continuous R−algebra homomorphisms from
A to R by sp(σ), which we refer to as the Gelfand spectrum of (A, σ), i.e.
sp(σ) := {α ∈ X(A) : α is σ − continuous}.
We endow sp(σ) with the subspace topology induced by
(
X(A), τX(A)
)
.
Lemma 2.1. [19, Lemma 3.2, Corollary 3.3] For any submultiplicative seminormed
R−algebra (A, σ) we have that
sp(σ) = {α ∈ X(A) : |α(a)| ≤ σ(a) for all a ∈ A}.
and sp(σ) is compact in (X(A), τX(A)).
We present here a closure result of the type (1.2) for submultiplicative semi-
normed R−algebras which was proved in [19, Theorem 3.7] and which allows to get
new necessary and sufficient conditions to solve Problem 1.1.
Theorem 2.2. Let (A, σ) be a submultiplicative seminormed R−algebra, d ∈ N
and M a 2d-power module of A (not necessarily Archimedean). Then
M
σ
= Pos(XM ∩ sp(σ)).
Using Theorem 2.2 and Theorem 1.2 1, one can derive the following result [19,
Corollary 3.8] for the moment problem in this setting.
Proposition 2.3. Let (A, σ) be a submultiplicative seminormed R−algebra, d ∈ N,
M a 2d-power module of A and L : A→ R a linear functional. L has a representing
measure supported on XM ∩ sp(σ) if and only if L is σ−continuous and L(M) ⊆
[0,+∞).
Theorem 2.2 also extends to the class of locally multiplicatively convex (lmc)
topologies, i.e. topologies induced by families of submultiplicative seminorms. We
will call lmc R−algebra a unital commutative R−algebra A endowed with a lmc
topology.
Theorem 2.4. Let (A, τ) be a lcm R−algebra, d ∈ N and M a 2d-power module
of A. Then
M
τ
= Pos(XM ∩ sp(τ)).
Note that sp(τ) =
⋃
ρ∈S sp(ρ) where S is a directed family of seminorms gener-
ating τ (such a family always exists since τ is a lc topology). Recall that a family
S of seminorms on V is said to be directed if
∀ ρ1, ρ2 ∈ S, ∃ ρ ∈ S and C > 0 s.t. Cρ(v) ≥ max{ρ1(v), ρ2(v)} ∀ v ∈ V.
Using Theorem 2.4 and Theorem 1.2, we get
1 Note that we can apply Theorem 1.2 forK = XM ∩sp(σ). Indeed, since XM is a closed subset
of
(
X(A), τX(A)
)
, we have by Lemma 2.1 that XM ∩ sp(σ) is compact and so the assumption of
Theorem 1.2 is fulfilled for p = 1.
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Proposition 2.5. Let (A, τ) be a lcm R−algebra, d ∈ N, M a 2d-power module of
A and L : A → R a linear functional. L has a representing measure supported on
XM ∩ sp(τ) if and only if L is τ−continuous and L(M) ⊆ [0,+∞).
For certain topological unital commutative R−algebras and in particular for the
algebra of polynomials, weaker assumptions than the continuity of L are known to
guarantee the equivalence between the non-negativity of L on a quadratic module
M2 and the existence of a XM2−representing measure for L (see Section 3 for more
details). This motivates the following more general question.
Question 2.6. Given a topological unital commutative R-algebra (A, τ) and a 2d-
power module M of A, what are the weakest assumptions on an M−positive linear
functional such that it admits a XM -representing measure?
Proposition 2.5 has also a direct application related to the problem of check-
ing the M2d−positivity of a linear functional for a given 2d−power module M2d.
For the case d = 1, it is well-known that given a quadratic module M2 of A the
M2−positivity of L is equivalent to the positive semidefiniteness of a certain se-
quence of infinite Hankel matrices associated to L and M2. In particular, for
the truncated moment problem the M2−positivity of L can be effectively checked
through semidefinite programming techniques.
Question 2.7. Is there a similar criterion for the non-negativity of a linear func-
tional on an arbitrary 2d−power module with d ≥ 2?
Clearly, if L is non-negative on a quadratic module M2 then it is non-negative
on any 2d−power module M2d having the same set of generators as M2 for any
d ≥ 2 (as M2d ⊂M2). Thus the positive semidefiniteness of the sequence of Hankel
matrices associated to L and M2 is a sufficient condition for the M2d−positivity of
L for any d ≥ 2. However, we do not know if/when this is also necessary.
For the case M2d =
∑
A2d we have the following criterion under the additional
assumption of continuity of the considered functional.
Corollary 2.8. Let (A, τ) be a lmc R−algebra and L : A → R a τ−continuous
linear functional. The following are equivalent:
(1) L is positive, i.e. L(
∑
A2) ⊆ [0,+∞).
(2) ∀ d ∈ N, L(
∑
A2d) ⊆ [0,+∞).
(3) ∃ d ∈ N, L(
∑
A2d) ⊆ [0,+∞).
Proof. From the discussion immediately after Question 2.7 we know that it is always
true that: (1)⇒ (2)⇒ (3). Let us show that also (3)⇒ (1). Suppose that ∃ d ∈ N,
L(
∑
A2d) ⊆ [0,+∞). Then, by Proposition 2.5 applied to M =
∑
A2d, L has a
representing measure µ supported on XM ∩ sp(τ). (In this case XM = X(A) and
so supp(µ) ⊆ sp(τ).) In particular, this implies that for all a ∈
∑
A2 we have
L(a) =
∫
sp(τ)
aˆ(α)µ(dα) which is non-negative since µ is non-negative and aˆ(α) ≥ 0
for all a ∈
∑
A2. Hence, (1) holds. 
Note that while (1) ⇒ (2) ⇒ (3) holds in general, to show that (3) ⇒ (1) we
have used the continuity of L. This motivates the following question:
Question 2.9. Does Corollary 2.8 still hold if we remove or weaken the continuity
assumption?
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Let us observe that once we have a positive answer to Question 2.6 (i.e. once
we have identified some conditions weaker than continuity under which the non-
negativity of L on some 2d−power module implies the existence of a representing
measure for L), then the equivalence of (1), (2) and (3) can be established along
the same lines of the proof of Corollary 2.8. However, these same methods do not
provide an answer to the following question.
Question 2.10. Can Corollary 2.8 be extended to 2d−power modules of A having
the same non-empty set of generators?
Theorem 2.4 can be viewed as a strengthening in the commutative case of the
result in [43, Lemma 6.1 and Proposition 6.2] for enveloping algebras.
Having an eye on applications of the moment problem in other fields, we were
naturally led to consider special kind of topological R−algebras and to investigate
to which extent is possible to improve the results presented in this section for these
particular cases.
3. The moment problem on symmetric algebras of lc real spaces
In this section we focus on Problem 1.1 when A is the symmetric (tensor) algebra
S(V ) of a vector space V over R, i.e., the tensor algebra T (V ) factored by the ideal
generated by the elements v ⊗ w − w ⊗ v, v, w ∈ V . If we fix a basis xi, i ∈ Ω
of V , then S(V ) is identified with the polynomial ring R[xi : i ∈ Ω], i.e., the free
R-algebra in commuting variables xi, i ∈ Ω. For any integer k ≥ 0, denote by
S(V )k the k-th homogeneous part of S(V ), i.e. the image of k-th homogeneous
part V ⊗k of T (V ) under the canonical map
∑n
i=1 fi1 ⊗ · · · ⊗ fik 7→
∑n
i=1 fi1 · · · fik
with fij ∈ V for i = 1, . . . , n, j = 1, . . . , k, n ≥ 1. Note that S(V )0 = R and
S(V )1 = V .
Since S(V ) is in effect isomorphic to the polynomial ring having as variables
the vectors of a basis for V , the symmetric algebra has always been a natural
choice for the algebra on which posing the moment problem especially in infinite
dimensional contexts. Indeed, since the early days of the moment theory, several
problems appearing in applied fields (e.g. statistical mechanics, quantum field the-
ory, etc.) have been modeled as moment problems for linear functionals defined on
the algebra polynomials in infinitely many variables whose representing measures
are usually required to have support on an infinite-dimensional space (see the in-
troduction for more references). Hence, the choice of considering Problem 1.1 for
the symmetric algebra of a general vector space V (possibly infinite dimensional) is
general enough to encompass a multitude of practical applications and clearly in-
cludes the classical case (when V is finite dimensional). An early systematic study
of the moment problem for linear functionals on the symmetric algebra of a locally
convex nuclear space can be found e.g. in [2, Chapter 5, Section 2], [3], [8], [21],
[40], [44, Section 12.5]. More recently, new advances were obtained both for specific
choices of the locally convex nuclear space V (see [23], [25]) and for the general case
of the algebra of polynomials in an arbitrary set of variables {xi; i ∈ Ω} (see [1],
[18]).
Considering the general results presented in the previous section, it seemed nat-
ural to look for lmc topologies on the symmetric algebra in order to be able to
apply Proposition 2.5 to this kind of algebras. In [14] it is indeed explained how a
lc topology τ on a real vector space V can be extended to a lmc topology τ on the
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symmetric algebra S(V ) and a complete criterion for the existence of a solution to
the K-moment problem for τ¯ -continuous linear functionals on S(V ) is given. Fur-
thermore, [14] contains a detailed comparison between these results and the ones in
[2, Theorem 2.1], [3], [25, Theorem 2.3] for the K-moment problem on locally con-
vex nuclear spaces. Starting from this comparison, we outline some connections to
further previous works on the moment problem on symmetric algebras of lc nuclear
spaces and pose some questions which naturally emerge from this analysis.
We start by briefly reporting the main results of [14] in the case V is a R−vector
space with the topology given by a single seminorm ρ. The procedure to extend ρ
on V to a submultiplicative seminorm ρ on S(V ) can be summarized as follows.
(1) For k ∈ N, let us consider the projective tensor seminorm on V ⊗k, i.e.
ρ⊗k(g) := inf
{
N∑
i=1
ρ(gi1) · · · ρk(gik) : g =
N∑
i=1
gi1 ⊗ · · · ⊗ gik, gij ∈ V, N ∈ N
}
.
(2) Denote by πk : V
⊗k → S(V )k the quotient map π restricted to V
⊗k and
define ρk to be the quotient seminorm on S(V )k induced by ρ
⊗k, i.e.
ρk(f) := inf{ρ
⊗k(g) : g ∈ V ⊗k, πk(g) = f}
= inf
{
N∑
i=1
ρ(fi1) · · · ρ(fik) : f =
N∑
i=1
fi1 · · · fik, fij ∈ V,N ∈ N
}
.
Define ρ0 to be the usual absolute value on R.
(3) For any h ∈ S(V ), say h = h0 + · · ·+ hℓ, hk ∈ S(V )k, k = 0, . . . , ℓ, define
ρ(h) :=
ℓ∑
k=0
ρk(hk).
The seminorm ρ is called the projective extension of ρ to S(V ) and in [14, Proposi-
tion 3.2] it is proved to be submultiplicative, i.e. ρ(f · g) ≤ ρ(f)ρ(g), ∀f, g ∈ S(V ).
Proposition 2.3 can be therefore applied and, exploiting the universal property of
the symmetric algebra, it is possible to show the following result.
Proposition 3.1. [14, Corollary 3.7] Let (V, ρ) be a seminormed R-vector space,
M a 2d-power module of S(V ) and L : S(V ) → R a linear functional. L is ρ-
continuous and L(M) ⊆ [0,+∞) if and only if ∃ !µ on V ∗ such that
L(f) =
∫
V ∗
fˆ(α)µ(dα) and suppµ ⊆ XM ∩B
‖·‖ρ
1 ,
where V ∗ denotes the algebraic dual of V , ‖ · ‖ρ is the operator norm on V
∗, i.e.
‖β‖ρ := sup
v∈V
ρ(v)≤1
|β(v)| and B
‖·‖ρ
1 := {β ∈ V
∗ : ‖β‖ρ ≤ 1}.
Remark 3.2. For any two seminorms ρ1 and ρ2 on V , we write ρ1  ρ2 to indicate
that there exists c > 0 such that cρ1(v) ≥ ρ2(v), ∀ v ∈ V. It is important to note
that ρ1  ρ2 does not imply in general that ρ1  ρ2. However, [14, Proposition 3.4]
guarantees that there exists C > 0 such that Cρ1  ρ2.
Let us consider now the case when τ is any locally convex topology on a R−vector
space V and let P be a directed family of seminorms generating τ . In [14] the
authors consider the topology τ on S(V ) generated by the family of seminorms
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Q := {nρ : ρ ∈ P , n ∈ N}, which is directed in virtue of Remark 3.2. Hence, by
using Proposition 2.5 and the universal property of the symmetric algebra, it is
possible show the following result.
Proposition 3.3. Let (V, τ) be a lc topological vector space over R whose topology is
generated by a directed family of seminorms P. LetM be a 2d-power module of S(V )
and L : S(V )→ R a linear functional. L is τ -continuous and L(M) ⊆ [0,+∞) iff
∃ !µ on V ∗: L(f) =
∫
V ∗
fˆ(α)µ(dα) and suppµ ⊆ XM ∩ B
‖·‖ρ
n for some n ∈ N and
ρ ∈ P.
Note that τ is the finest lmc topology τ on S(V ) extending τ (see [14, Proposi-
tion 5.1]). Therefore, Proposition 3.3 holds for all linear functionals on S(V ) which
are continuous w.r.t. any other lmc topology on S(V ) extending τ . However, it is
not clear to us how to construct further topologies on S(V ) fulfilling these prop-
erties. For instance, we already do not know if it is possible to extend τ to a lmc
topology on S(V ) using the injective topology on the tensor power V ⊗k instead of
the projective one as in [14].
Question 3.4. Is it possible to give a characterization of all the lmc topologies on
S(V ) extending τ?
More in general, one could ask if there exists any other topology out of this class
for which a result of the kind in Proposition 3.3 would be still true, i.e.
Question 3.5. Can we characterize all the topologies on S(V ) for which an anal-
ogous result to Proposition 3.3 holds?
The assumption of τ¯ -continuous is actually pretty strong. Already for the finite
dimensional case V = Rd analogues of Proposition 3.3 hold under weaker assump-
tions than the continuity of L. Indeed, in [38, Theorem 10] Nussbaum proved that
whenever L : R[x1, . . . , xd]→ R fulfills the so-called Carleman’s condition i.e.
(3.1)
∞∑
n=1
L(x2nj )
− 1
2n =∞, ∀ j = 1, . . . , d,
then L positive is equivalent to the existence of a representing measure for L sup-
ported on Rd. Note that if L is continuous w.r.t. any lmc topology ω onR[x1, . . . , xd]
then (3.1) holds. In fact, if S is a directed family of submultiplicative seminorms
generating ω then the ω−continuity of L implies there exist ρ ∈ S and C > 0 such
that |L(f)| ≤ Cρ(f) for all f ∈ R[x1, . . . , xd]. In particular for any n ≥ 1 and any
j = 1, . . . , d, we get |L(x2nj )| ≤ Cρ(xj)
2n which implies (3.1).
Nussbaum’s result still holds under weaker conditions than (3.1) as showed in
[36, Theorem 4.9], [37, Theorem 0.1] and [45, Proposition 1] (see also [37, Lemma
0.2 and Theorem 0.3] for more details about the relation between these conditions).
Using Nussbaum’s result (resp. its stronger version [37, Theorem 0.1]), in [25,
Theorem 4.1] (resp. [37, Corollary 0.6]) it is showed that for any linear functional
L on R[x1, . . . , xd] satisfying (3.1) (resp. equation (0.1) in [37, Theorem 0.1]) the
non-negativity of L on a quadratic module M2 (even uncountably generated) of
R[x1, . . . , xd] is equivalent to the existence of a XM2−representing measure for L.
The results mentioned above have been generalized to the case of infinitely many
variables in [18, Section 4 and 5]. In particular, the corresponding results for linear
functionals non-negative on quadratic modules of R[xi, i ∈ Ω] with Ω possibly
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uncountable are [18, Theorem 5.1 and 5.4], which hold under further assumptions
on the quadratic modules. Note that in the uncountable case the representing
measures provided by these results in [18] are not necessarily Radon.
Similar results were obtained in [2, Vol. II, Chapter 5, Section 2], [3], and [25],
[22, Section 3] when V belongs to a certain class of nuclear spaces. Namely, (V, τ) is
assumed to be: separable, the projective limit of a family (Hj)j∈J of Hilbert spaces
(J is an index set containing 0) which is directed by topological embedding such
that each Hj is embedded topologically into H0, and nuclear, i.e. for each j1 ∈ J
there exists j2 ∈ J such that the embedding Hj2 →֒ Hj1 is quasi-nuclear. Thus
τ is the locally convex topology on V induced by the directed family P of norms
on V , where P consists of the norms on V which are induced by the embeddings
V →֒ Hj , j ∈ J . The topology τ is usually referred to as the projective topology on
V and it is clearly a Hausdorff topology. In this setting Berezansky, Kondratiev,
and Sˇifrin proved in [2, Vol. II, Theorem 2.1] and [3] a Nussbaum’s type result,
which we restate here using the formulation given in [14, Theorem 6.1].
Theorem 3.6. Let (V, τ) be a nuclear space of the special sort described above and
L : S(V )→ R be a linear functional. Assume:
(1) for each k ≥ 0 the restriction map L : S(V )k → R is continuous with respect
to the locally convex topology τk on S(V )k induced by the norms {ρk : ρ ∈ P}; and
(2) there exists a countable subset E of V whose linear span is dense in (V, τ)
such that
m0 :=
√
L(1), and mk :=
√
sup
f1,...,f2k∈E
|L(f1 . . . f2k)|, for k ≥ 1
are finite and the class C{mk} is quasi-analytic.
Then L is positive, i.e. L(
∑
S(V )2) ⊆ [0,∞), if and only if there exists a non-
negative Radon measure µ on the dual space V ∗ supported by the topological dual
V ′ of (V, τ) such that L(f) =
∫
fˆdµ ∀ f ∈ S(V ).
We will refer to Conditions (1) and (2) combined as determining condition fol-
lowing the notation of [22], [24] and [25]. For a comparison between the determining
condition, the infinite dimensional version of Carleman’s condition and the other
conditions appearing in [18] see [24, Remark 3.2]. In particular, if L is τ -continuous
then L is determining (see [14, Remark 6.2, (9)-(10)] for more details). Therefore,
when we restrict our attention to this special class of locally convex nuclear spaces
and to positive functionals, Proposition 3.3 is less general than Theorem 3.6. How-
ever, as pointed out in [14, Remark 6.2 (8), (11)], Proposition 3.3 is more general
than Theorem 3.6 because it holds for any locally convex topological space (not just
separable and nuclear) and for arbitrary 2d-power modules (not just for
∑
S(V )2)
providing in this way better information about the support of the representing
measure. This comparison leads to the following question.
Question 3.7. Is it possible to generalize Proposition 3.3 by weakening the conti-
nuity assumption on L : S(V ) → R without any further assumption on V ? How
would this affect the support of the representing measure?
An encouraging result in this direction is given by [25, Theorem 2.3] for the
special case when V = C∞c (R
n), the set of all infinitely differentiable functions with
compact support contained in Rn. Note that C∞c (R
n) can be constructed as the
projective limit of a family of weighted Sobolev spaces and so endowed with the
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corresponding projective topology τproj , which actually makes it a nuclear space
belonging to the class for which Theorem 3.6 holds (see [25] for more details). The
choice of this particular space seems to be not so restrictive from the point of
view of moment problems appearing in applied fields, which very often deal with
representing measures supported on non-compact subsets of the space of generalized
functions as the topological dual of (C∞c (R
n), τproj). For convenience, let us restate
here [25, Theorem 2.3] in the notation used so far.
Theorem 3.8. Let V = C∞c (R
n) be endowed with the topology τproj described
above, M2 be a quadratic module of S(V ) and L : S(V ) → R a linear functional.
Assume that L is determining. Then L(M2) ⊆ [0,+∞) iff ∃ !µ on V
∗: L(f) =∫
V ∗
fˆ(α)µ(dα) and suppµ ⊆ XM2 ∩ V
′.
It is not clear to us if such a result would still hold for any 2d−power module
providing, at least for this particular choice of V , a generalization of Proposition 3.3
and a partial positive answer to Question 3.7. Moreover, Theorem 3.8 also covers
the case of non-compactly supported representing measures while the continuity of
L in Proposition 3.3 enforces the support of the representing measure to be compact.
Therefore, it would be extremely interesting to get such a result for a larger class
of spaces including (C∞c (R
n), τproj) and for any 2d−power module rather than just
for d = 1. Hence:
Question 3.9. What are the weakest possible assumptions on V s.t. Theorem 3.8
holds? Under these assumptions, would the result still hold for any 2d−power mod-
ule (not just for d = 1)?
The comparison of Proposition 3.3 with Theorem 3.6 and Theorem 3.8 leads to
the following general question (which includes Questions 3.7 and 3.9).
Question 3.10. What are the weakest possible assumptions on the lc space V and
on the linear functional L : S(V ) → R s.t. the nonnegativity of L on a 2d−power
module M is equivalent to the existence of a XM -representing measure for L?
As mentioned above there are several other papers in literature dealing with
the moment problem on the symmetric algebra of a nuclear space. In particular,
in [8, Section 4] the authors consider a different class of nuclear spaces than the
one described above; namely, V is taken to be a real nuclear space which is a
strict inductive limit of a countable family (Vs)s∈Ω of its subspaces. For each
s ∈ Ω, they consider the tensor power V ⊗ks is endowed with the π−topology and
define V ⊗k as the inductive limit of (V ⊗ks )s∈Ω endowed with the corresponding
inductive limit topology. This gives a natural quotient topology on S(V )k and
S(V ) is endowed with the lc direct sum topology which we denote in the following
by τBY . For τBY−continuous linear functionals on S(V ), Borchers and Yngvason
proved a generalization of the classical Riesz-Haviland theorem, which we restated
here in our notation.
Theorem 3.11. Let (V, τBY ) be a nuclear space as above, K ⊆ V
′ and L a lin-
ear functional on S(V ). L has a K−representing measure if and only if L is
τBY−continuous and L(Pos(K)) ⊆ [0,+∞), where Pos(K) is defined as in (1.1)
for A = S(V ) and K denotes the weak closure of K in V ′.
In this setting, having in mind Question 3.5 and Question 3.10, it becomes
natural to ask the following.
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Question 3.12. Does Proposition 3.3 or the results in Theorem 3.6 hold for the
class of lc nuclear spaces considered in [8, Section 4]?
Note that the integral representation obtained is actually regarded in [8] as a de-
composition of a continuous K−positive functional into multiplicative functionals.
This is indeed the more general point of view considered in this paper as well as in
many others (see e.g. [4], [40], [44, Section 12.4]) where interesting results about
decompositions of linear functionals on a commutative (and even on an arbitrary)
nuclear *- algebra into pure states were obtained.
The results described in this section suggest that introducing more structure on
the algebra considered in Problem 1.1 can allow to get better results in those special
cases and so open new directions towards interesting applications (e.g. considering
the symmetric algebra S(V ) endowed with the topology introduced in Proposition
3.3 allowed to explicit compute the support and so in some sense to get a better
result than Proposition 2.5).
Question 3.13. Investigate Problem 1.1 for other special class of algebras (e.g.
algebra of polynomials invariant under the action of a group considered in [9], Stone
algebras).
Several questions remain open also in relation to the determinacy of the moment
problem on the symmetric algebra of a locally convex space as described in [24] (see
also [22] for a review about determinacy in both finite and infinite dimensions). Last
but not least, one could obviously ask:
Question 3.14. What about the truncated case in this general setting?
There is a huge literature about the truncated moment problem in the finite
dimensional case (see e.g. [12], [33], [31, Chap. III] for nice surveys about the
results obtained so far) but there are still many unsolved questions and even less is
known in the infinite dimensional case. As explained in the introduction, despite
the infinite dimensional truncated moment problem is a longstanding problem in
several applied fields, there is a lack of a structural theoretical investigation of this
problem. Some progress in this direction have been recently done e.g. in [28], [29],
[30], where a systematic study of the truncated case for point processes and random
sets was initiated. However, to the best of our knowledge, at the moment there is
no results for the truncated moment problem for general R−algebras. In [15] we are
currently working together with Mehdi Ghasemi on a version of the achievements
contained in Section 2 for the truncated case starting from some promising results
and ideas discussed with Murray Marshall.
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